Häggkvist [6] proved that every 3-regular bipartite graph of order 2n with no component isomorphic to the Heawood graph decomposes the complete bipartite graph K 6n,6n . In [1] Cichacz and Froncek established a necessary and sufficient condition for the existence of a factorization of the complete bipartite graph K n,n into generalized prisms of order 2n. In [2] and [3] Cichacz, Froncek, and Kovar showed decompositions of K 3n/2,3n/2 into generalized prisms of order 2n. In this paper we prove that K 6n/5,6n/5 is decomposable into prisms of order 2n when n ≡ 0 (mod 50).
Introduction
All graphs considered in this paper are simple, finite and undirected. We use standard terminology and notation of graph theory.
Graph decompositions have been widely studied in many different settings. We say that a graph B has a G-decomposition if there are subgraphs G 1 , G 2 , . . . , G s of B, all isomorphic to G, such that each edge of B belongs to exactly one G i . If each G i for i ∈ {1, 2, . . . , s} contains all vertices of B and none of them is isolated, then we say that B has a G-factorization.
Häggkvist [6] proved that every 3-regular bipartite graph of order 2n with no component isomorphic to the Heawood graph decomposes the complete bipartite graph K 6n,6n .
Recall that a prism P R n with 2n vertices is the graph with two vertex disjoint cycles R i n = v i 0 , v i 1 , . . . , v i n−1 , v i 0 for i ∈ {1, 2} of length n called rims and edges The problem of factorization of K n,n into (0, j)-prisms was completely solved by Cichacz and Froncek in [1] . They proved that a factorization of K n,n exists if and only if n ≡ 0 (mod 6).
Cichacz, Froncek, and Kovar in [2] found decompositions of K 3n/2,3n/2 into (0, j)-prisms with 2n vertices for n ≡ 0 (mod 8) and n/ gcd(n, j) ≡ 0 (mod 2).
The same authors in [3] found such decompositions for n ≡ j ≡ 0 (mod 4). One can observe that when n ≡ 0 (mod 8) and n/ gcd(n, j) ≡ 1 (mod 2), then indeed j ≡ 0 (mod 8). It follows that n ≡ j ≡ 0 (mod 4) and a decomposition of K 3n/2,3n/2 into (0, j)-prisms also exists.
Because the results were stated in [2] and [3] without the case where n ≡ 0 (mod 8) and n/ gcd(n, j) ≡ 1 (mod 2), we state the complete result here for further reference. Notice that the necessary condition for K 3n/2,3n/2 to be decomposable into (0, j)-prisms with 2n vertices is n ≡ 0 (mod 4) and j ≡ 0 (mod 2).
Decomposition of Certain Complete Bipartite Graphs...
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For j ≡ 1 (mod 2) no (0, j)-prism can exist, and when n ≡ 2 (mod 4), the number of edges of K 3n/2,3n/2 is odd while the (0, j)-prism has always an even number of edges. Theorem 1. Let n ≡ 0 (mod 8) and j ≡ 0 (mod 2) or n ≡ j ≡ 0 (mod 4). Then K 3n/2,3n/2 is decomposable into (0, j)-prisms with 2n vertices.
These results are in certain sense stronger than Häggkvist's theorem, because the order of the host graph is smaller. On the other hand, we notice that the obvious necessary conditions allow wider classes of complete bipartite graphs than just K 3n 2 , 3n 2 for consideration. If we want to decompose K m,m into (0, j)-prisms of order 2n, then it follows that m 2 ≡ 0 (mod 3n), because the number of edges of the (0, j)-prism is 3n. For example, when n = 50, the necessary conditions are met for K 60,60 or K 90,90 .
The remaining case of decomposition of K 3n/2,3n/2 satisfying the necessary conditions when n ≡ 0 (mod 4) and j ≡ 2 (mod 4) remains open. Also, the decompositions of other complete bipartite graphs K m,m , satisfying the necessary conditions n ≡ j ≡ 0 (mod 2) and m 2 ≡ 0 (mod 3n) have not been investigated yet.
In this paper we take the first step in the latter direction and present a new class of complete bipartite graphs K m,m that are decomposable into prisms (that is, (0, 0)-prisms).
Tools
We denote by G[H] the composition of graphs G and H, which is obtained by replacing every vertex of G by a copy of H and every edge of G by the complete bipartite graph K |H|,|H| . We say that G[H] arose from G by blowing up by H and recall that tK 1 is the graph consisting of t independent vertices. We will be repeatedly using graphs G[tK 1 ] in our constructions.
A labeling of a graph G is a function from V (G) into an Abelian group Γ. Rosa [7] introduced several types of graph labelings as tools for decompositions of complete graphs. By Z a we denote the cyclic group of order a. In this paper we will use a decomposition method based on certain vertex labeling, using an Abelian group Z a × Z b .
Definition 2. Let G with vertex set V be a bipartite graph with k edges and partite sets V 0 , V 1 both of size k (that is,
, and a and b be positive integers such that ab = k. Let λ be an injection such that for i ∈ {0, 1} we have λ(
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The following result is based on a straightforward generalization of earlier results of Rosa [7] (see, e.g., [4] ).
Theorem 3. Let G be a bipartite graph with a labeling λ defined as above. If the set of dimensions of all edges of G is equal to the set of all elements of Z a × Z b , then the complete bipartite graph K ab,ab is G-decomposable.
The following observation is quite straightforward yet very useful.
In particular, we will be using the following special case.
Construction
First we formally state the necessary conditions for the existence of a prism decomposition of K m,m . We denote the prism with 2n vertices by P R n .
Observation 6. If the complete bipartite graph K m,m is P R n -decomposable, then n is even, m 2 ≡ 0 (mod 3n) and consequently, m ≡ 0 (mod 6).
Proof. Obviously, n must be even, otherwise P R n is not bipartite. Observe that P R n is a cubic graph with 3n edges. Hence, the number of edges of K m,m must be divisible by 3n. The condition m ≡ 0 (mod 6) follows immediately.
A partial solution for the case when m ≥ 3n/2 was proved by Cichacz, Froncek, and Kovar [2] .
Theorem 7. The complete bipartite graph K m 1 ,m 2 is P R n -decomposable if n is even, 9n divides m 1 m 2 , both m 1 , m 2 ≥ 3n/2 and 6 divides both m 1 and m 2 .
For regular complete bipartite graphs, the result is as follows.
Corollary 8. The complete bipartite graph K m,m is P R n -decomposable if n is even, m ≥ 3n/2 and m 2 ≡ 0 (mod 9n).
A special case for m = 3n follows from a result by Frucht and Gallian [5] . They were investigating decompositions of complete graphs into prisms and proved that bipartite prisms have an α-labeling, which can be easily transformed into the labeling described in Theorem 3. An α-labeling of a graph G with the vertex set V and edge set E, where |E| = q and |V | = 2q + 1 is an injection α : V → {0, 1, . . . , q} satisfying {|α(x) − α(y)| : xy ∈ E} = {1, 2, . . . , q}.
We now show that for m ≥ 3n/2 the above results cover the whole spectrum of prism-decomposable regular complete bipartite graphs except for one case.
We
When t = 2s − 1, then
and because b is not divisible by 3, we cannot write m 2 as a multiple of 9n. Hence, Corollary 8 does not apply to this case. We list this single remaining case separately as an open problem.
Open Problem 9. Let n = 3 2s−1 a and m = 3 s b, where both a, b ≡ 0 (mod 3). Is then the complete bipartite graph K m,m decomposable into prisms of order 2n?
Now we present a new family of prism-decomposable complete bipartite graphs K m,m with m between n and 3n/2. More specifically, we will have m = 6n/5 for all n ≡ 0 (mod 50). We use Observation 5 and decompose first K m/3,m/3 into a union of C 2m/3 and a matching (m/6)K 2 . Then we show that the union blown-up by 3K 1 is prism-decomposable.
More formally, let s be even and H s,s be a bipartite graph with vertices in partite sets V 0 = {1 0 , 2 0 , . . . , s 0 } and V 1 = {1 1 , 2 1 , . . . , s 1 } and edges i 0 i 1 , i 0 (i+1) 1 for i = 1, 2, . . . , s, and i 0 (i + 2) 1 for i = 1, 3, . . . , s − 1 (taken modulo s with 0 replaced by s). Notice that H s,s is a cycle of length 2s with s/2 chords of length 3 spaced evenly apart. ] so that every edge would blow up into three edges of different dimensions, and the graph would be a segment of the prism. We blow up each vertex i j into the triple (i, 0) j , (i, 1) j , (i, 2) j and show the correspondence between them and the prism vertices (using our previous prism notation) in Table 1 . The first and last rows list the vertices of the first and second rim, respectively. The second row gives the corresponding labels of the first rim vertices in the notation used for H 1 s,s [3K 1 ], the third row those of the second rim vertices. Now we view the original vertex names of type (i, t) j as labels of the corresponding vertices v l k and inspect the edge dimensions computed according to Definition 2. We can check that for every pair of triples (i, 0) 0 , (i, 1) 0 , (i, 2) 0 and (j, 0) 1 , (j, 1) 1 , (j, 2) 1 the three edges between them have dimensions (j − i, 0), (j − i, 1) and (j − i, 2).
For convenience, we list the edge dimensions below. The first row is the edge in H s,s and the following rows list the edges arising from it in H s,s [3K 0 ] along with their dimensions. Because all labels are single digit, to fit the data in two tables we write ij k rather than (i, j) k . The edge dimensions are still written as (i, j). We denote the copy of P R 5s/2 whose thirty-edge segment is described in Table 2 by G 0 . We need to show now that there are two more copies, G 1 and G 2 , which along with G 0 form the decomposition. Each edge a 0 c 1 of H s,s is blown up into a copy of K 3,3 in H s,s [3K 0 ]. We produce the copy G r by replacing every edge
Clearly, the dimension of this edge is also (c − a, d − b). It should be obvious that the graphs G 0 , G 1 and G 2 are all mutually isomorphic.
Therefore, we need to show that each edge in every K 3,3 arising from a particular edge a 0 c 1 is used in exactly one of the graphs G 0 , G 1 , G 2 . Remember that the subtraction of the first entries is performed modulo s while the second entries are subtracted modulo 3. Obviously, the new edge has the same dimension (c − a, d − b) but different end vertices. More specifically, for a given edge (a, b) 0 (c, d) 1 of G 0 we obtain (a, b + 1) 0 (c, d + 1) 1 in G 1 and (a, b + 2) 0 (c, d + 2) 1 in G 2 . Thus we have three independent edges of the same dimension. Because each K 3,3 contains precisely three edges of the same dimension, the proof is now complete.
One can see that to prove Lemma 10, the assumption s ≡ 0 (mod 20) could be relaxed to s ≡ 0 (mod 10). However, if we used the same approach in Lemma 11 for the case when n ≡ 10 (mod 20), we would obtain a Möbius ladder rather than a prism.
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Our main result now follows immediately from Lemmas 10, 11, and Observation 5.
Theorem 12. Let n ≡ 0 (mod 50). Then the complete bipartite graph K 6n/5, 6n/5 is P R n -decomposable.
We also wish to express out thanks to referees.
